We consider the null controllability problem for thermoelastic plates, defined on a two dimensional domain Ω, and subject to hinged, clamped or free boundary conditions. The uncontrolled partial differential equation system generates an analytic semigroup on the space of finite energy. Consequently, the concept of null controllability is indeed appropriate for consideration here. It is shown that all finite energy states can be driven to zero by means of just one L 2 ((0, T ) × Ω) control be it either mechanical or thermal. The singularity, as T ↓ 0, of the associated minimal energy function is the main object studied in the paper. Singularity and blow-up rates for minimal energy function are not only of interest in their own right but are also of critical importance in Stochastic PDEs. In this paper, we establish the optimal blow-up rate O(T −5/2 ) for this function. It is shown that the rate of singularity is the same as for finite-dimensional truncations of the model. In view of sharp estimates available in the finite dimensional setting [Math. Control Signals Systems 9 (1997) 327], the singularity rates provided in this paper are optimal.  2004 Elsevier Inc. All rights reserved.
Introduction
In this paper, we will consider the null controllability problem for a partial differential equation (PDE) system which describes thermoelastic plates, and in which active control is implemented through the mechanical and/or thermal component. The boundary conditions to be considered include all physically relevant boundary conditions associated with plate dynamics such as:
(i) hinged, (ii) clamped, and (iii) free boundary conditions.
We give below the PDE model to be studied.
The model
Let Ω be a bounded, open subset of R 2 , with its C 2 boundary denoted as Γ . On this domain we have that (1)
Here the coupling parameter α is nonzero with, say, M α > 0. Also the a i are nonnegative parameters which satisfy a 1 + a 2 > 0. In addition, the solution [ω, ω t , θ] satisfies one of the following sets of boundary conditions, each of which are classically associated with the thermoelastic PDE:
(i) Hinged boundary conditions:
(ii) Clamped boundary conditions:
(iii) Free boundary conditions: with λ > 0,
where parameter µ ∈ (0, 1) is Poisson's ratio, and the boundary operators B i are defined by As we said above, we intend to study the null controllability of the PDE (1) for all initial data [ω 0 , ω 1 , θ 0 ] of finite energy, by means of mechanical and/or thermal controls t[u 1 2 , where Q = (0, T ) × Ω. That is to say, we wish to bring to rest, in a finite time T , any set of finite energy initial conditions. Associated with our thermoelastic PDE (1) with the given boundary conditions (2), (3) or (4) , is the aforesaid natural space of initial data-the so-called finite energy spacewhich is topologically equivalent to
if ω satisfies (3),
if ω satisfies (4).
Here H is a Hilbert space, endowed with the inner product
Here a (u, v (4) . Moreover, for all three sets of boundary conditions we have continuity of the map [3] :
Null controllability and minimal energy function
Controllability of PDE models, including thermoelastic plates, is a topic which in recent years has attracted a considerable attention [1] [2] [3] 7, 16] . Most of the results in the literature deal with "hyperbolic-like" dynamics, where controllability is more natural and, by now, better understood. Instead, the model described in Section 1.1 is non-hyperbolic, associated with analyticity of the underlying generator. A characteristic feature of this model is that the coupling between the plate and the heat equation is represented by a strongly unbounded operator. This will give rise to mathematical difficulties-particularly if one would like to infer controllability properties for the entire system from the corresponding properties which are valid for the two components of that system; i.e., the plate and heat equation. A perturbation-based technique, which is quite successful in treating hyperbolic-like dynamics, is totally irrelevant when dealing with analytic models. In fact, the study of controllability of thermoelastic plates in the analytic context is quite challenging, with the results existing in the literature being quite scarce and dealing exclusively with so-called spectral cases, wherein the special form of boundary conditions or special geometry allows for a spectral decomposition (eigenfunction expansion); e.g., [9, 14, 19] . By contrast, the main aim of this paper is to construct a domain and differential operator-independent methodology capable of treating nonspectral problems-a good example being thermoelastic plates with physically meaningful boundary conditions such as clamped and free boundary conditions.
Since the model being considered here is associated with an infinite speed of propagation (see [20] ), it seems natural to expect that should the system (1), under one or other of the mechanical boundary conditions (2), (3) or (4), indeed be null controllable, this property will be valid in arbitrary short time T > 0. This expectation leads to the following precise statement regarding the notion of null controllability which we will consider: Definition 1. The PDE system (1) under the mechanical boundary conditions (2), (3) or (4) , is said to be null controllable, if for any time T > 0 and arbitrary initial data
In view of the above definition, a natural question to be considered in the context of thermoelastic system (1) is the following: Question 1. Are all three plate models specified by the PDE (1) with one or other of the boundary conditions (2), (3) or (4) null controllable? Of particular interest is the issue whether one can control the system by using only one control, be it mechanical control u 1 or thermal control u 2 .
Given that we have an affirmative answer to the null controllability question, a much more demanding question is the following: what is the rate of singularity for a norm of a control when time T → 0? We explain now in more detail our second objective. Suppose that the null controllability property, as defined by Definition 1, holds true for the thermoelastic PDEs (1)-(2) (respectively (1)-(3), (1)-(4)). Then for each T > 0 one can consider the associated optimization problem of finding a control [u 1 , u 2 ] which steers the solution [ω, ω t , θ] of (1)-(2) (respectively (1)-(3)) to zero, and such that its L 2 (Q)-measurement is minimal with respect to all such steering controls. This problem is in fact well-understood and admits a unique solution, which we denote here as u 
Under the null controllability hypothesis, the minimal energy function is bounded on (0, ∞). A natural question in this context is then the following: how does the norm of the minimizer u 0 T (x), or equivalently (by Definition 2) the minimal energy function E min (T ), vary as time T ↓ 0? It is clear that this norm should "blow up" as T tends to zero; but just "how fast" is this blow-up? In other words, how "singular" does the minimal energy become as we shrink the control time to zero? Since the question of singularity of controls in the context of finite dimensional systems has a definite and optimal solution [24] , one would like also to know what is the relation-if any-between rates of singularity for finite dimensional truncations of the thermoelastic system and the rates of singularity for the original infinite dimensional PDE model. Thus, the second question that naturally emerges in the present context is the following: Question 2. What is the rate of singularity of the minimal energy function? Do we have the same rates for singularity in the original PDE system as in any finite dimensional truncation of this model?
The relevance of an analysis of the infinite dimensional asymptotics vis-à-vis the asymptotics of its finite dimensional truncations stems from the natural desire to approximate the PDE system by finite dimensional models, and from the hope that the results obtained from a good approximation will be indicative of the infinite dimensional behavior.
While the issue of finding asymptotics for minimal energy function has been solved completely in the finite dimensional case (ODE) [24, 26] , the infinite dimensional case (PDE) has been largely an open problem. Indeed, with the exception of very few canonical scalar equations or one-dimensional equations, nothing has been known until very recently about general multidimensional PDE models, particularly those with a vectorial structure, wherein the issue of "number of controls" used for the process becomes most relevant. On the other hand, due to recent developments in the area of stochastic analysis-including the recently established link between singularity of the minimal energy function and regularity of certain stochastic processes [10] [11] [12] 22 ]-Question 2 has become a very germane and interesting one to the PDE community.
It is the main goal and contribution of this paper to provide an affirmative answer to the two questions asked. While the issue of just null controllability (Question 1) has been resolved in [19] , this was done only in the very special "spectral" case of hinged boundary conditions (see also [9] ) and no results are available for a general nonspectral case. Since spectral methods do not apply to the case of general boundary conditions such as clamped or free, our aim is to provide a spectrally independent technique capable of treating the problem in full generality. In addition to proving null controllability with one control only (Question 1) and under any set of boundary conditions, we derive the optimal algebraic asymptotics which describe the singularity of minimal energy (Question 2). We consider this answer to Question 2 to be the main contribution of our paper. These asymptotics are "sharp" and valid for all the cases of boundary conditions under consideration: clamped, hinged and free. Needless to say, the most challenging analysis involves the physically relevant clamped and free cases-two scenarios where spectral analysis can not be used. As known in the field, spectral analysis has been, so far, the only tool used to determine asymptotic rates for minimal energy [8, 10, 15, 23, 25, 27] . The main technical difficulty of the problem is that in order to capture the precise rates of blow-up, one needs to control, via the relevant estimates, both high and low frequencies. For this reason spectral analysis is a natural tool. However, for the majority of problems of physical interest (including the ones considered in this paper), spectral analysis is not a viable option. In fact, spectral methods impose constraints upon the geometry, dimensionality and boundary conditions which are too severe to be employed generally. Most problems considered in mathematical physics do not lend themselves to a manageable spectral analysis. Thus the situation calls for the development of novel, necessarily spectrally-independent, techniques.
Since the problem under consideration is closely related to inverse estimates for illposed problems, it would seem natural to think here of Carleman's estimates. In fact, the main technical idea of this paper is to devise a rather special method wherein estimates quantitatively describing analyticity of thermoelastic semigroups are built into a certain type of Carleman's estimates.
In this context, it should also be added that the solution to our problem hinges critically on the analyticity of semigroups associated with thermal problems-a property fully understood only few years ago. Indeed, while the "hinged case"-due to spectrality-has been well understood for many years, such was not the case with other models, particularly the free case for which analytic estimates were proved in [18] (see also [20] for a comprehensive treatment of the topic).
Main results
To facilitate a proper understanding of our results and their optimality, we should mention some of the recent history of the problem. Investigations concerning the explosion of minimal norm controls have a long tradition, dating back to finite dimensional theory. As a matter of fact, the paper by [24] provides a complete and optimal answer to this question in the finite dimensional case. In particular, [24] provides a formula which describes the growth of the minimal norm control, as time T ↓ 0, for the dynamics
where x ∈ R n , u ∈ L 2 (0, T ; R m ), and A (respectively B) is an n × n (respectively n × m) matrix, with m n. This result depends on Kalman's rank condition, which is the sufficient and necessary controllability condition in finite dimensions. The formula in [24] (see also [26] ) yields that E min (T ) ∼ T −k−1/2 , where k is the Kalman's rank for the system (7); i.e., k is the smallest integer such that rank([B, AB, . . . , A k B]) = n. We briefly illustrate the use of this theory in the present context: if we consider the PDEs (1)-(2) (spectral case) under thermal control only, i.e., a 1 = 0, then in [19] it is shown that the PDEs may be associated with a system of the form (7), with n = 3, m = 1,
Applying the algorithm above to these given matrices (after truncating the Laplacian ∆ to a finite dimensional eigenspace), one conjectures that in the case of our thermoelastic system, the sharpest possible estimate one should aim for corresponds to k = 2. That is, we should expect E min (T ) = O(T −5/2 ) when one control is used. Of course this argument gives no real idea as to what is actually going on for the full infinite dimensional model. In fact, as was shown in [10] , the growth of the minimal energy function for a given infinite dimensional system may be arbitrarily large, even in the case when k = 1 and spectral diagonal systems are being considered. Similarly, it has been recently established [4] that in the case of structurally damped wave equation, the singularity of minimal energy blows-up algebraically O(T −α ) where α → ∞ when the fractional power of the damping operator goes to one. However, the above finite-dimensional argument provides an important lower bound for singularity of minimal energy function which is O(T −5/2 ) with one control used for the process.
Our ultimate result and contribution in this paper is in showing that for 2D thermoelastic plates with one control function active, under all physically relevant boundary conditions, we do in fact obtain the "optimal asymptotics" O(T −5/2 ); that is, the same asymptotics which are obtained for any finite dimensional truncation of the model. In other words, the singularity of the cost controlling the infinite dimensional model is the same (not larger) than that of any finite dimensional approximation. This is a rather unexpected result for a PDE vectorial system. It is precisely the underlying analyticity of the thermoelastic system, manufactured by the strong and unbounded coupling, that ultimately allows the estimates to be derived in "an optimal way." We emphasize that our results can not be inferred from the perspective of a single scalar equation. Indeed, it is the very vectorial structure of the system, critical to the analysis, which eventually leads to an affirmative answer to Question 2. Thus the optimal estimate E min (T ) = O(T −5/2 ) provides not only optimal estimates for singularity of minimal energy for the respective cases (1)- (2), (1)- (3), and (1)- (4), but also shows that these estimates are the same as those of any finite dimensional truncation.
In connection with the discussion above, we now give a precise formulation of our main results. 
Theorem 3. For the system (1) under either set of boundary conditions-hinged (2), clamped (3) or free (4)-the following holds true. For arbitrary terminal time
Theorem 3 provides optimal asymptotics for the minimal energy function. The optimality of the estimates holds in both cases, with either one or two controls active. For the case of one control we had already shown that the best possible asymptotics is O(T −5/2 ). These asymptotics are established with one mechanical control for all boundary conditions (clamped, hinged and free), or with one thermal control for clamped and hinged boundary conditions. The case of free boundary conditions with thermal control is similar. Detailed proofs are given in [5] . The optimal asymptotics O(T −3/2 ) are also obtained when acting upon the system with two controls: both mechanical and thermal. In order to see this optimality, we consider the matrix A in (8) , and the 3 × 2 control matrix B defined by:
an application of Seidman's formula in [24] provides the lower bound O(T −3/2 ) when a 1 , a 2 > 0.
As we have said above, interest in studying the null controllability of infinite dimensional systems, with a view towards attaining optimal estimates for norms of minimal norm steering controls, has been recently spurred by problems arising in SPDEs. Null controllability is also related to the analysis of regularity properties of the Bellman's function, which is associated with the minimal time control problem. Indeed, as eloquently described in [10] and [11] , this property bears a close relation to the regularity of some Markov semigroups, including Orstein-Uhlenbeck processes and related Kolmogorov equations. For some of these semigroups (see, e.g., [11, Theorem 8.3.3] ) null controllability is equivalent to the differentiability and regularizing effect of the Orstein-Uhlenbeck process. Moreover, the regularity of solutions to the Kolmogorov equation depends on the singularity of the minimal energy function as T ↓ 0. In addition, for some special examples of Orstein-Uhlenbeck semigroups, it is shown that null controllability is equivalent to the hypoellipticity condition of Hörmander (see [11, p. 112] and [22] ). Also, as shown in [11] , optimal estimates for the norms of controls are critical in being able to prove Liouville's property for harmonic functions of Markov processes (see [11, p. 108 
]).
We note furthermore that in the deterministic case, the connection between the asymptotic behavior of the minimal energy function and the regularity of the Bellman's function (which describes the minimal time control for the given control process) is made very clear in the recent paper [12] . It is shown there that the Holderian regularity of Bellman's function, and its modulus of continuity, are determined by the singularity of the minimal energy function when T ↓ 0.
As a final remark, we mention a known fact that boundary or localised controls (versus internal controls) lead to exponential blow up rates e O(1/T ) for minimal energy. Indeed, this has been proved for the one dimensional heat or damped wave equation [8, 25] , rectangular plates [15] and thermoelastic systems with hinged boundary conditions [17] . The above results are also known to be sharp [13] . Thus, in the case of boundary or localised controls, algebraic asymptotics are lost, and the answer to our ultimate Question 2 is in the negative. This also shows that the choice of internal controls in our model problem is "optimal," if one aims at algebraic (and finite-dimensional) singularity.
The remainder of the paper is devoted to the proofs of the main results. We note here that our method relies on the following three technical components:
(i) the special nonlocal multipliers [3, 7] -in which the stabilization problem for thermoelastic plates is considered; (ii) the analyticity of semigroups associated with thermoelastic equations in the absence of rotational inertia, as was shown in [18, 20, 21] ; (iii) new singular estimates for traces (of interest on its own) which are needed to handle the boundary terms resulting from the weighted estimates employed.
The main idea of the proof relies on incorporating the analyticity of the thermoelastic semigroup into Carleman's type multipliers, thereby allowing for the control of both high and low frequencies.
The necessary observability inequality
We start by deriving the observability inequality which is associated with the controlled PDE, under either the clamped, hinged or free boundary conditions. Let {e At } t 0 ⊂ L(H) denote the linear C 0 -semigroup, corresponding to the particular linear operator A : D(A) ⊂ H → H, which is associated with the dynamics (1) under either the boundary conditions (2), (3) or (4) . That is to say, the solution [ω, ω t , θ] of (1) may be written explicitly as
In terms of this notation, we have that the null controllability property is equivalent to the statement that Range(e AT ) ⊂ Range(L T ). This containment is in turn equivalent to establishing the inequality (for some constant C T > 0)
Thus, the proof of Theorem 3 hinges on:
(i) proving the inequality (10) for some constant C T ; (ii) using this constant C T to determine the singularity of the minimal energy function as T ↓ 0.
In fact, we have
The above inequality follows from a standard argument (see, e.g., [20] ), but for the convenience of the reader we will provide here a short argument. In order to see this, we consider the following optimization problem: minimize the L 2 (Q)-norm among all L 2 (Q)-controls u which steer the solution of (1)-under the boundary conditions (2), (3) or (4)-to rest. A standard optimization argument (see, e.g., [20] ) gives the solution of this optimization problem explicitly as
We now aim to estimate the quantity
and from the observability inequality (10), we infer the inequality
(where C T is the constant in (10)); whence we obtain e A * T z H C 2 T x H . We thus have
as desired for (11) .
Focusing on the thermoelastic model (1), well-known functional analytical argumentssee, e.g., [18, 20] -provide an equivalent PDE characterization of the condition (10), a characterization which will be needed below. To formulate this characterization, we introduce the following dual homogeneous equation in the variables [φ, φ t , ϑ]:
For this PDE system, we have in place the following homogeneous boundary conditions for the mechanical displacement, corresponding to the clamped or free case:
(i) The clamped case:
(ii) The free case:
The homogeneous system (12)- (13) is "adjoint" to the controlled PDEs (1)-(3), as (12) - (14) is to (1)-(4). In either the free or clamped case, we also have that for data
Furthermore, let us denote the "energy" of the system by
,
In regards to this quantity, a multiplication of the first (Euler plate) equation in (12) by φ t , a multiplication of the second by ϑ, a subsequent integration in time and space, and integrations by parts-which in the free case will involve the use of the "Green's Formula" (see [3, 16] ) will collectively yield the following dissipative relation for all 0 s t T :
In terms of the homogeneous problem (12) (with given initial data [φ 0 , φ 1 , ϑ 0 ]), one then can show in a straightforward manner (see [19] ) that
Consequently, in each case-be it hinged, clamped or free-the abstract inequality (10) will take the form
Thus, the remaining task is in proving (18) for all the cases considered. In doing so we will concentrate on the most challenging nonspectral cases such as represented by clamped ( (1)- (3)) and free ( (1)- (4)) boundary conditions. The proof for the (canonical) hinged boundary conditions is more straightforward; the details of proof of Theorem 3 for the hinged case are given explicitly in [6] . In the hinged case, the "optimal" rate of singularity for the minimal energy-optimal with respect to the finite dimensional asymptotics has also been obtained in manuscript [27] , by a very different methodology than that employed in the present paper (and in [6] ). In fact, [27] exploits spectrality of the hinged problem, as opposed to the spectrally-independent methodology outlined in [6] .
The necessary inequality (18) will ultimately be derived by combining a series of a priori relations. To describe a principle ingredient in the work ahead, we first define
With this operator, we can then say that the multiplier A −1 D ϑ will turn out to be a key feature of the proof. This multiplier seems to be intrinsic to the study of control theoretic properties of 2D thermoelastic systems (see [3] ).
Proof of Theorem 3: clamped b.c.
The proof of Theorem 3 in the clamped case amounts to establishing the observability inequality (18) for variables [φ, φ t , θ] satisfying PDE system (12) with the boundary conditions (13) . In the case of thermal control, this inequality should hold with a 1 = 0 and a 2 > 0, while in the case of mechanical control we take a 2 = 0 and a 1 > 0. When the two controls-thermal and mechanical-are available, then one takes a 1 > 0 and a 2 > 0. The singular rate for the minimal energy function will be then derived, on the strength of (11), from the singular behavior of the observability constant C T when T → 0.
Before we proceed with the actual proof, we shall provide estimates which describe the singular behavior at the origin of boundary traces of second derivatives of solutions to the clamped model. These estimates, while being critical for the proof of the theorem, are also of independent interest in trace regularity theory of thermoelastic systems.
Singular trace estimates
In order to establish the validity of (18) , including the control of the constant C T when T → 0, we shall use Carleman's type inequalities which are a suitable tool for obtaining sharp PDE estimates which control both "high and low frequencies." This is in contrast with more standard observability estimates used in control theoretic situations, where very often it suffices to obtain a "rough" inequality which is polluted by lower order terms. The lower order terms can be then removed by an appeal to an appropriate uniqueness property. However, this strategy is ineffective when one tries to control the size of the constant C T .
One of the technical issues which arises in the process of deriving the estimates for the problem in hand is the appearance in the inequalities of the boundary traces ∆φ| Γ and ∆φ t | Γ which obviously are not bounded by the energy. This particular problem does not occur in hinged (spectral) case (the quantities in question simply vanish), but it does occur in the remaining two cases of clamped and free boundary conditions. It turns out that these boundary traces can be estimated via singular (at the origin t = 0), inequalities. This phenomena has to do with the analyticity of the underlying semigroup. Thus, the analyticity of thermoelastic plates-a property discovered rather recently-plays a very critical role in the analysis. (12), (13) and
Recall our denoting of A : D(A) ⊂ H → H as the generator of the thermoelastic semigroup, under clamped boundary conditions (in this section). Thus we have e At x 0 ≡ [φ(t), φ t (t), θ (t)] where φ(t), θ(t) satisfy
. In what follows we shall adopt the following notation for the inner products and the norms in Sobolev's spaces: 
Remark 5. Notice that Lemma 4 implies t 5/4 ∆φ t (t) L 2 (Γ )
C e At/2 x 0 H . However, this regularity-closely related to the analyticity properties of e At -will not be sufficient for carrying our estimates. It is critical that the "right distribution" between the full energy represented by e At and the velocity of mechanical variable φ t (t) appears.
Proof of Lemma 4.
Step 1. The key property behind the proof of the lemma is the analyticity of thermoelastic semigroups. Indeed, the following analytic estimate is known [20, 21] :
In what follows we shall need characterization of domains of fractional powers of the generator A. This result, derived in [5] from Schauder's estimates, is formulated below.
Step 2. First inequality in Lemma 4. We start by noting that for all t > 0, a trace inequality and interpolation inequality for Sobolev's spaces [18] give
where in the last inequality, we invoked the inclusion in Proposition 6 applied with k = 1/2, η = 1. Applying now the inequality (20) (with η = 1/2 therein), the semigroup property e A(s+t) = e As e At , and the contraction property of the semigroup, collectively give the desired inequality:
Step 3. The second inequality in Lemma 4. By the Sharp-Trace Interpolation Theorem and iterative use of PDE moment inequalities [18] , we arrive at the following string of estimates, valid for any function g ∈ H 12 (Ω): 
We would like to apply this inequality with the adjoint variable φ t (t) playing the role of g. Before doing this, we need to establish that this solution possesses the requisite H 12 (Ω)-regularity. Because of the analyticity of the semigroup, such regularity (should it exist) will only be valid for t > 0. To justify the embedding φ t (t) ∈ H 12 (Ω), t > 0, we evoke the appropriate relations between the domains of the powers of the (thermoelastic) generator A : H → H and familiar Sobolev spaces which are given in Proposition 6. Indeed, on the strength of Proposition 6 and (20) Our goal here is to establish (i) an existence of the constant C T < ∞ such that
, we have for all t > 0, [φ(t), φ t (t), ϑ(t)] ∈ D(A 6 ) ⇒ φ t (t) ∈ H 12 (Ω). Accordingly, we have via the estimate (23):
(ii) an estimation of asymptotic behavior of C T when T → 0.
The inequality (24) should be valid for all finite energy solutions φ(t), ϑ(t) to (12)- (13). Throughout the remainder of the paper, we will have need of the weight function h(t):
where s > 0 will be selected suitably depending on the boundary conditions.
Lemma 7. With h(t) as defined in (25), the mechanical component of the solution to (12) satisfies the following relation for T > 0:
T 0 h(t)E φ (t) dt = 1 α T 0 h(t) ∆φ, ∂A −1 D ϑ ∂ν Γ dt + 1 2 T 0 h (t)(φ t , φ) Ω dt + α −1 T 0 h(t) 1 − α 2 2 ∆φ − φ t , ϑ Ω + h (t) A −1 D φ t , ϑ Ω dt + T 0 h(t)|ϑ| 2 0,Ω dt.(26)
Proof of Lemma 7. Step 1 (treating the velocity term φ t ). Applying h(t)A −1
D ϑ to both sides of (12) , and subsequently integrating over Q, we obtain
We now scrutinize each term on the left-hand side of the equality above:
(E.i) An integration by parts and use of the heat equation in (12) gives
ii) The use of Green's Theorem gives, moreover,
Combining (E.i) and (E.ii) now results in
Step
(dealing with the displacement φ). Multiplying the Euler plate equation, this time by h(t)φ, and integrating in time and space, yields
T 0 (φ tt +∆ 2 φ −αA D ϑ, h(t)φ) Ω dt = 0.
An integration by parts and use of Green's Theorem gives
Combining the above estimate with (28) gives the result in Lemma 7. 2
To continue with the proof of Theorem 3 we will need to deal with the second term on the right-hand side of (26) (of Lemma 7). To this end, we multiply the heat equation in (12) by h (t)A −1 D φ, and integrate in time and space, so as to have
Combining (30) and (26), and subsequently adding the term T 0 h(t)|ψ| 2 0,Ω dt to both sides of the resulting equation, we have the preliminary relation for the energy of the system (12) :
(I) Setting s = 4 in (25) and estimating the trace ∆φ| Γ with the help of Lemma 4,
where we have used the fact that ∂A
; also, the positive constant C does not depend on T . 6 , we have
(II) Since [h (t)] 2 /h(t) CT 4 , and [h (t)] 2 h(t) CT
Incorporating (I)-(II) into (31) gives now for T 1,
Since > 0 can be chosen small enough so that
, this upper bound and the dissipativity relation (16) give
and after integrating h(t) on (T /2, T ) we have T 9 E(T ) CT
This estimate gives finally the observability inequality (18) for a 1 = 0, with observability constant
This completes the derivation of the inequality (10). The conclusion of Theorem 3, in the case of the thermoelastic plate with thermal control and clamped boundary conditions, follows now from (11) and (34).
Mechanical control: proof of Theorem 3 with a
The main task of proof in this case is the reconstruction of the entire energy E(t) from information provided by the component velocity term φ t . This means we need to prove (see (18) ) the inequality
The main complication arises from the coupling between the mechanical and thermal components. In particular, the coupling does not allow , where η 0 is to be specified below. It is this consideration which will motivate our choice of "dual," abstract multipliers.
We start by differentiating the plate component of the thermoelastic system (12). Because of the analyticity of the underlying semigroup {e At } t 0 , we have then, for all time t > 0:
Subsequently, we apply the multiplier A 
Step 1 (reconstruction of the thermal energy). By way of refining the inequality (37), our main goal here is derive the following inequality for all > 0:
where the positive constant C > 0 does not depend on .
In order to establish (38), we apply a second multiplier, h(t)A −3 D ϑ t , to (36). The resulting multiplier method will yield the estimate
Using now the relation ϑ tt
Moreover, via the relation A −3
Now (39) and (40) yield the asserted (38). In turn, combining (37) and (38) and taking > 0 small enough, we arrive at
Subsequently, returning to (38), we obtain
Recalling now that ϑ = −A −1 D ϑ t −αφ t , we can finally use the estimate (41)-after some additional straightforward calculations and an adjustment of -to obtain the following reconstruction of the thermal energy:
Step 2 (reconstruction of the full energy). It remains to reconstruct the potential energy ∆φ L 2 (Q) . But having just gained control of the thermal energy in Step 1, we can in turn proceed to estimate the mechanical displacement. To complete the reconstruction, we combine the relation (29) and the estimate (42) so as to have
To finish the proof, we must estimate the integral above which involves the trace term ∆φ t | Γ . To this end, we invoke the second part of trace Lemma 4:
after using the Hölder's inequality, with Hölder conjugates (4/3, 4) (and where the constant C is as in (43)). Combining (43) with (44) and taking s = 4 in (25) yields:
Proceeding now as we had in the final stage of proof of Theorem 3 for the case of thermal control, we conclude that the rate of singularity for E min (T ) will be proportional to T −5/2 . The proof of Theorem 3 for the case of one control active (be it thermal or mechanical) is now complete.
Simultaneous control: thermal and mechanical. Proof of Theorem 3 in the case
Here our goal is to establish improved asymptotics for the constant C T in the inequality
With h(t) as defined in (25), we directly estimate the relation provided in (29) for the adjoint variables. In this way we have
We can then take s = 2 in (25) , to arrive at E(T )
,Ω ] dt, which is the inequality (18) with a 1 > 0, a 2 > 0. Proceeding as before, we subsequently will have that E min (T ) ∼ O(T −3/2 ). This concludes the proof of Theorem 3.
Remark 8.
We note that the above proof gives immediately the corresponding result: for the mechanically controlled Euler-Bernoulli plate equation
equipped with either clamped or hinged boundary conditions. The rate of singularity for the corresponding minimal energy is O(T −3/2 ).
Proof of Theorem 3: the free b.c.
The generator of a semigroup associated with free boundary conditions is again denoted by A : D(A) ⊂ H → H; we recall that in the present case the mechanical and thermal variables satisfy respectively the free and Robin boundary conditions in (4) (where this time the finite energy space H is defined by
Singular trace estimate
For this problem we shall again need a singular estimate for the trace of the mechanical velocity on the boundary. However, in our present situation, the treatment will require further refinements of the analogous estimate which was derived in the case of clamped boundary conditions. 
Lemma 9. Let x(t) ≡ [φ(t), φ t (t), ϑ(t)] be the solution of the adjoint system

Then we have
Proof of Lemma 9. By the Sharp-Trace Interpolation Theorem and iterative use of moment inequality [18] , we arrive at the following string of estimates, valid for any function g ∈ H 2 k+1 (m+1) (Ω): 
In order to apply this estimate to the mechanical velocity component of the solution x(t) of (12)- (14), we need to ascertain sufficient regularity (for t > 0). To this end, we state the following proposition, which like its clamped analog Proposition 6 is a consequence of the underlying analyticity of the thermoelastic semigroup under the free mechanical boundary conditions (see [18] ).
Proposition 10 [5] .
Proof of Proposition 10. The proof follows from elliptic theory associated with free boundary conditions. The details are given in [5] . 2
By Proposition 10 and the analyticity of the thermoelastic semigroup [18] , we have
Setting now g = φ t (t) in (46), yields:
Using the analytic estimate in (20) (valid also in the free case; see [20] ), we finally have
which is the desired estimate for D m φ t (t). The asserted estimate for D 1 φ tt is similar:
Reconstruction of thermal energy
Since the conceptual line of reasoning is similar in the case of mechanical and thermal control, we shall present here the case of mechanical control only, while for thermal control we refer the reader to [5] . Thus, in the present case of mechanical control, the necessary inequality (18) becomes
an inequality to be valid for all finite energy solutions to (12)- (14) .
In what follows we denote by A R : L 2 (Ω) → L 2 (Ω) the negative Laplacian equipped with Robin boundary conditions; i.e., D(A R ) = {u ∈ H 2 (Ω); (∂/∂ν)u + λu = 0 on Γ }.
The key to the reconstruction of thermal energy is the following estimate.
Proposition 11. The solution [φ, φ t , ϑ] of (12)- (14) satisfies the relation
Proof of Proposition 11. From the mechanical component of (12)- (14) we have, after an extra differentiation in time, the expression
whence we obtain
Subsequently, we will have the following relation:
We need to estimate the right-hand side of this expression.
(1) For the first term on the right-hand side of (48), integration by parts gives
We proceed to scrutinize each term on the right-hand side. To this end, we introduce the
, defined by Rf = g ⇔ ∆g = 0 on Ω and ∂g/∂ν + λg = f on Γ (by elliptic regularity, we have in fact that R ∈ L(H s (Γ ), H s+3/2 (Ω)) for all real s). Using this quantity with the heat equation in (12), we will then have the relations
(1.a) From (49), we have
To handle the most problematic term on the right-hand side of this expression (with again
, we use the second singular trace estimate in Lemma 9 and we take s = 4:
Applying this estimate to (50) and treating in like fashion the other terms on the righthand side thereof, we have 
For the first term on the right-hand side of (54), we apply Lemma 9 (with m = 2 and D 2 ≡ ∆ + (1 − µ) 
Applying this estimate to the right-hand side of (54) and subsequently handling the other terms thereof in a similar way-via the use of Lemma 9-we will have 
Combining now (48), (53) and (56) concludes the proof of Proposition 11. 2 
Concluding estimates (1) Estimating the thermal component. Applying the multiplier h(t)A
(2) Estimating the mechanical component. Here, we apply the multiplier intrinsic to uncoupled plates and beams. To wit, from the mechanical component of (12)- (14), we have via h(t)φ(t) and an invocation of the Green's Theorem with free boundary conditions the expression 
Applying now the estimate (58) (available for the thermal component) gives now
Combining the estimates (58) and (60) yields finally the energy estimate With this in hand, we can proceed as in the previous case so as to have the observability inequality (47), with C T = T −5/2 . Subsequently, we will determine that in the present case of mechanical control, one has E min (T ) = O(T −5/2 ).
This concludes the proof of Theorem 3 with free boundary conditions and one control.
Simultaneous control: mechanical and thermal
Here we set the index s = 2 in (25) . In this present case of dual-mechanical and thermal-control, the necessary inequality is
, where again [φ, φ t , ϑ] solve the homogeneous system (12)- (14) . Using (59), we have 
This gives then
T 0 h(t)E(t) dt CT 2 T 0 [|φ t | 2 0,Ω + |ϑ| 2 0,Ω ] dt, whence we obtain the desired inequality. From here, we can employ the usual algorithmic argument so as to have E min (T ) = O(T −3/2 ). This concludes the proof of Theorem 3.
